Abstract. Coulomb matrix elements are needed in all studies in solid-state theory that are based on Hubbard-type multi-orbital models. Due to symmetries, the matrix elements are not independent. We determine a set of independent Coulomb parameters for a d-shell and a f -shell and all point groups with up to 16 elements (O h , O, T d , T h , D 6h , and D 4h ). Furthermore, we express all other matrix elements as a function of the independent Coulomb parameters. Apart from the solution of the general point-group problem we investigate in detail the spherical approximation and first-order corrections to the spherical approximation.
Introduction
One of the main weaknesses of state-of-the-art bandstructure methods is their frequent failure to describe the electronic properties of systems with partially filled d-shells or f -shells. The orbitals of such shells are well localised which often leads to substantial correlation effects. These effects are not captured by effective single-particle approaches such as the common methods based on Density-Functional Theory (DFT). Over the past 15 years it has therefore been a general trend to combine ab-initio methods with many-particle approaches that permit a more sophisticated treatment of local correlations.
To this end, one usually separates the two-particle interactions into non-local and local terms. While the former are treated in the standard (e.g., DFT) way, the latter are studied by means of many-particle methods such as Dynamical Mean Field Theory [1] or the variational Gutzwiller approach [2, 3] . In general, the local Coulomb interaction ('Hubbard interaction') has the form
b3,b4 U i b1,b2,b3,b4 σ,σ ′ĉ † i,b1,σĉ † i,b2,σ ′ĉ i,b3,σ ′ĉ i,b4,σ ,
where i, b l , and σ, σ ′ denote the lattice site, (correlated) orbital indices, and spin indices, respectively. Depending on the number n o of correlated orbitals per site, there can be up to n 4 o non-zero Coulomb-interaction parameters U i b1,b2,b3,b4 . In most cases, however, this number is much smaller due to the point-group symmetry at the lattice site i. Moreover, the non-zero parameters are not independent, but can be expressed by a sub-set of independent parameters.
It is the purpose of this work to analyse in detail which Coulomb matrix elements vanish due to symmetry and which of them are independent for all high-symmetry point groups in the most relevant cases of a d-shell or an f -shell. Note that the lattice-site index i enters the problem only through its pointgroup symmetry and will therefore be dropped in our following considerations.
The special case of a d-shell in a cubic environment was analysed in the textbook by Sugano, Tanabe, and Kamimura [4] . In contrast to our approach, however, their method cannot be readily applied to other systems. To reduce the number of independent parameters, one often employs the 'spherical approximation', in which the matrix elements are calculated with atomic wave functions, i.e., without a crystal field [5, 6, 7] . We shall derive the spherical approximation in a different way by using the same method that we develop for the full point-group problem. This enables us to formulate also a systematic first-order correction to the spherical approximation.
In solids we often face the situation that not all of the d-orbitals or the f -orbitals are partially filled. In such cases, only the sub-sets of partially filled orbitals must be included in the Hubbard interaction (1) . Note that the general results which we present in this work can be readily applied in all these cases as well. One just needs to drop all those matrix elements which contain orbitals that are not taken into account in (1) .
Our work is organised as follows. In section 2 we develop the general approach for the analysis of Coulomb matrix elements which is used throughout this work. The appropriate orbital basis for a d-shell and an f -shell are introduced in section 3. In the following sections 4, 5, and 6, we analyse the Coulomb matrix elements for, (i) the full point group, (ii), the spherical approximation, and, (iii), a first-order correction to the spherical approximation, respectively. A summary, in section 7, closes our presentation. Most of the explicit results are deferred to four appendices.
General formalism
Depending on the point-group symmetry at the site of a correlated atom in a lattice, the n o = 5 dorbitals or n o = 7 f -orbitals split up into orbitals ϕ b (r) (b = 1, . . . , n o ) with a maximally three-fold degeneracy. Each orbital belongs to an irreducible representation Γ p of the point group G point at the transition-metal site. The occurring representations Γ p are obtained from a reduction of the j = 2 and j = 3 representations Γ j of the full rotational group O(3),
We will introduce the coefficients n j p for all relevant point groups in section 3.
Without spin-orbit coupling, the orbitals ϕ b (r) can be represented by real wave functions. The g point group operations, described by three-dimensional orthogonal matricesD l (l = 1, . . . , g), have isomorph unitary operatorsT l in the Hilbert space, defined bŷ
Note that, when applied to many-particle wave functions, the operator transforms all spatial coordinates simultaneously,
T l Ψ(r 1 , . . . , r N ) = Ψ(D l r 1 , . . . ,D l r N ) .
The behaviour of orbital wave functions under pointgroup transformations is well defined,
where Γ p b ′ ,b (l) denote the elements of the irreducible representation matricesΓ p (l). These matrices are documented for all 32 crystallographic point groups in the literature, see, e.g., Ref. [8] . In the following we drop the label p in Γ 
= d 3 r d 3 r ′ ϕ b1 (r)ϕ b2 (r ′ )f (r, r ′ )ϕ b3 (r ′ )ϕ b4 (r) ,
where f (r, r ′ ) is the screened Coulomb interaction. The exact form of this interaction is usually not known, however, our analysis only requires that it is invariant under all transformations of the respective point group. When we insert1 =T † lT l on the left-hand-side and on the right-hand-side of f (r, r) in (6) and use
we find
With the multiple index
and the vectors U with components U B , equations (8) assume the compact form
Here we introduced the product matricesΩ(l) with the elements Ω B,B (l) = Ω (b1,...,b4),(b1,...,b4) (l) (11)
Equation (10) shows that we need to calculate the space of joint eigenvectors of all g matricesΩ(l) with the same eigenvalue λ = 1. Suppose we have found a d-dimensional (orthogonal and normalised) basis c 
where we introduced d independent Coulomb parameters I k . A simple inversion of these equations gives us all Coulomb matrix elements U B as a function of the independent parameters I k . Since any rotation of the vectors c (k) is permitted there is a freedom in the choice of the parameters I k . We shall find it most convenient to chose them as a set of d independent matrix elements U
(i)
B , see section 4. The number d of independent matrix elements can be determined by the following group-theoretical considerations without a complete solution of equations (10) . The matricesΩ(l) define the product representation of four representations Γ j ,
With (2) this equation reads Ω = p1,p2,p3,p4
The reduction of (17) into irreducible components can be derived from the multiplication tables for the point groups [8] . For example, in cubic symmetry, there is one contribution in (16) with all p i belonging to an E g representation. Its reduction is given as
In this way we can determine all coefficients in the reduction of Ω,
To find the joint eigenvectors to the eigenvalue λ = 1 in (10) is mathematically equivalent to the determination of the space that belongs to the totally symmetric representation A 1g on the right hand side of (19). Its dimension n(A 1g ) is just the number d of independent Coulomb matrix elements I k . For example, we can conclude from (18) that in a pure E g shell there would be three such parameters. Alternatively, we can calculate n(A 1g ) with the general formula [9] 
for the coefficients in (19) where χ(l)), χ p (l) are the characters of Ω, Γ p , respectively. For p = A 1g (i.e., χ p (l) = 1) this equation reads
Thus far, we only made use of the commutator relation (7) and of the transformation behaviour (5) of the orbitals. Hence, our analysis applies to rather general matrix elements such as
b4 (r 4 ) , as long as f (r 1 , r 2 , r 3 , r 4 ) commutes with allT l . Our physical Coulomb matrix elements (6), however, have the additional permutation symmetries
U b1,b2,b3,b4 = U b2,b1,b4,b3 .
These permutations define a group G perm with the eight elements
The matricesP (i) with the elements
The permutation symmetry of our Coulomb matrix elements can then be cast into the same form as in (10) ,
Therefore, we need to find the space of joint eigenvectors c (k) to the eigenvalue λ = 1, not only of the matricesΩ(l) but also ofP (i). The dimension of this space is smaller than that without the additional permutation symmetries. This reduces the number d of independent Coulomb parameters I k . It can also be determined by group-theoretical arguments, i.e., without an explicit solution of equations (10), (28), as we explain in Appendix A.
Crystal-field splitting
In this work we study d-orbitals and f -orbitals in environments that are described by crystallographic point groups with up to 16 elements. These groups
, and D 4h . It turns out that the Coulomb integrals for the groups O h , O and T d are the same. Hence, we only need to study four different cases.
As a starting point for our further considerations, we introduce the proper orbital basis states in all pointgroup environments. The situation is simplest for a dshell since here we can set up irreducible spaces for all our point groups with the same basis,
Here, we introduced the 'spherical harmonic' functions Y l,m (ϕ, θ) (m = −l, . . . , l) [10] , and the unspecified radial wave functions R b (r). Note that, although the basis states are the same, the irreducible spaces (i.e., also the orbital degeneracies) depend on the specific point group. They are shown in table 1. 
For the treatment of an f -shell we introduce two different sets of basis states, namely the 'axial basis'
With these basis sets of states we can set up irreducible spaces for all our point groups. The results are summarised in table 2. 
Coulomb matrix elements: full point group environment
First, we need to find the d-dimensional basis of joint eigenvectors c (k) of the matricesΩ(l) andP (i) and a basis d Second, we have to solve equations (13), (14). The vectors c (k) that are provided by our numerical algorithm are somewhat arbitrary because any rotation among these vectors is permitted. Hence, the independent parameters I k will usually be rather complicated linear combinations of Coulomb parameters U B . We therefore prefer to look for a set of d independent matrix elements U B . When we introduce the corresponding vectors U (i),(d) (and I for I k ), we can write the inversion of equations (13), (14) as
where the matrix in (48) has the form
Note that we can write equations (13) 
With this condition, we can systematically set up our list of independent parameters U (i)
B and determine the dependent parameters through
With our formalism, we calculated the independent parameters U For a more convenient reading, we introduce the following notations for the Coulomb parameters
which we use throughout this work. It is implicitly understood that all indices are mutually different in multi-orbital Coulomb parameters as, e.g. in eq. (56). Equation (48) still leaves a lot of freedom in our choice of the independent parameters. We prefer to have as many independent parameters as possible that have an intuitive physical meaning. Hence we prioritise them along the order set by equations (51)-(56). This means that we first try to maximise the number of independent parameters of the form U (b), then of the form U (b, b ′ ), and so forth. In the remaining ambiguity with respect to the orbitals we prioritise orbitals along the order in equations (29)-(33), (34)-(47). For example, if we had to choose between U (v) and U (u) we would work with U (v) as an independent parameter.
For the five d-orbitals in a cubic environment, i.e., for the point groups O h , O, and T d , we find d = 10 independent parameters, in agreement with reference [4] . These can, for example, be chosen as
The dependent parameters are
In this list, as in all corresponding lists in this work, we specify only one of the (up to eight) Coulomb parameters that differ just by a permutation of the form (26). Moreover, all parameters that are not listed vanish due to symmetry. Note that the coefficients in all lists of dependent parameters come out of our numerical algorithm in digital form. We wrote a separate code that reliably identifies the analytical form of these digits, e.g., 0.5773502691896258 is identified as 1/ √ 3. This program also generates the L A T E X code of all formulae. Therefore, we are confident that they are free of misprints.
Spherical approximation
The number of independent parameters determined in section 4 and Appendix B varies between 10 (dorbitals in a O h environment) and 65 (f -orbitals in a D 4h environment). When a full d-shell or f -shell was considered such numbers are too large if we aimed to determine them from meaningful fits to experiments. The localised nature of these orbitals, however, allows us to formulate sensible approximations that reduce the number of independent parameters significantly. The simplest one is the 'spherical approximation' which makes two assumptions.
(i) The radial wave functions in equations (29)-(33) and in equations (34)- (47) are assumed to be orbital-independent. This means that the n o = 5 d-orbitals or n o = 7 f -orbitals form a representation space of the total angular momentum with j = 2 and j = 3, respectively.
ii) The two-particle interaction in (6) is assumed to be invariant under all orthogonal transformations, i.e.,
As a generalisation of equations (10) and (11), these two assumptions lead to
whereD can be any real, orthogonal matrix. When the matricesD are chosen randomly, already two of this infinite number of equations contain all the information, and remain to be evaluated. Combined with the permutation equations (28), we can use the method of section 4 to determine a set of independent Coulomb integrals as well as their relationship with the dependent parameters. For five d-orbitals, we obtain three independent parameters, which we may chose as
The dependent parameters are then given by
This list only contains all finite dependent parameters that we specified in section 4 and Appendix B. All other Coulomb parameters can be calculated as a function of (85) using the results given in these two sections. For convenience, we provide a list for all (non-zero) Coulomb parameters in the supplementary material.
The corresponding results for f -orbitals are given in Appendix C.
First order corrections to the spherical approximation
In cases where the spherical approximation is not accurate enough, as reported, e.g., in Refs. [11, 12] , it is desirable to have a method that systemically improves it. For its derivation, we assume that the radial wave functions in (29)-(33) and (34)-(47) differ only slight from each other, i.e.,
Then, we can linearise the Coulomb matrix elements with respect to the small perturbations δR b (r),
where U SA b1,b2,b3,b4 is the corresponding result from the spherical approximation and
The matrix elementsŪ ··· are defined as in (6) with orbitals ϕ bi and ϕ b ′ i that have radial wave function R(r) and δR bi (r), respectively.
Our first aim is now to identify independent and dependent parametersŪ ··· and their relationships. To this end, we enlarge our orbital basis (from n o to n (ii) Five d-orbitals with the same radial wave function δR u (r) = δR v (r), including three auxiliary t 2g orbitals.
(iii) Five d-orbitals with the same radial wave function δR ζ (r) = δR η (r) = δR ξ (r), including two auxiliary e g orbitals.
We introduce the familiar multiple indicesB as in eq. (9), however, with the indices b i ranging from unity to n ′ o . Each of the n ′ o /n o orbital subspaces transforms like a j = 2 or j = 3 representation. Hence, we obtain the equation (83) as in the spherical approximation but now for the parametersŪB. Together with the corresponding equation of the form (28) we can determine independent and dependent parametersŪ
with the same method as in section 4. In principle, the problem is solved with this approach because, with the parametersŪ
at hand, we are able to calculate the variations (111) as a function ofŪ
However, this formulation leaves room for improvement for two reasons.
(i) The naive selection of some independent parametersŪ
B will also lead to variations of parameters U B which have already been chosen as independent parameters in the spherical approximation, see equations (85) and (C.1). Therefore, the spherical approximation and its first order corrections would be mixed up and could not be easily distinguished.
(ii) The parametersŪ B . The latter set should contain the independent parameters from the spherical approximation so that we overcome the problem (i).
As an example, we consider the familiar case of d-orbitals in a cubic environment. Here, we obtain as independent variations δU
The first line contains the independent parameters from the spherical approximation. Since their relation to all other parameters is already fully covered in equations (58)- (81), we only need to document the first-order changes introduced by the parameters in (113). In cubic symmetry these are
Note that, unlike the spherical approximation, the first-order correction depends on the point group that is considered. We present the results for all other point groups and/or f -orbitals in Appendix D. There we drop the variations of the parameters (85) and (C.1) because they are already covered by the corresponding formulae in section 5 and Appendix C. Again, we provide the results for the independent parameters only that we specified in section 4 and Appendix B. All other Coulomb parameter variations can be calculated using the results given in these two sections. For convenience we provide a full list of all (non-zero) Coulomb parameter variations in the supplementary material.
Summary
In this work, we presented a comprehensive study of symmetries among Coulomb matrix elements of dorbitals and f -orbitals in crystallographic point group environments. Such matrix elements are needed in all theoretical investigations that are based on Hubbardtype multi-orbital models. For all considered point
, and D 4h ) we determined an irreducible sub-set of independent Coulomb matrix elements and their relationship with all other matrix elements. Besides this evaluation of the full pointgroup problem, we also present results for the spherical approximation and a first-order correction to it.
Although our results are rather general in their inclusion of all orbitals of the d-shell and f -shell, they can be readily applied to situations where only a subset of orbitals needs to be taken into account in a theoretical study on a specific material. Acknowledgments J.B. thanks Andreas Krebs for helpful discussions on linear algebra. F.G. thanks L. Veis for his suggestions at early stages of this work.
Appendix A. Number of independent Coulomb interaction parameters
The number d of independent Coulomb interaction parameters is one of the results which one obtains from the explicit solution of equations (10), (28). Here we explain how d can be determined without that solution.
In equation (27) we introduced the eight (Ddimensional) representation matricesP (i) of G perm . Note that these matrices are real and symmetric because we haveP =P i for all our permutations. The permutation group dissects the basis states |B into disjoint sets S (z) of states that are connected by at least one permutation, i.e.,
The number of elements in S (z) is denoted as N z (= 1, . . . , 8). For example,
With a representative |B (z) of each set S (z) , we define the states
that form an orthogonal and normalised basis for the (d p -dimensional) space of all states that obey equations (28). With this basis we may define the
Using equation (20) we then obtain
This equation can be further evaluated,
Now we use the fact that, by choosing a different representative |B (z) , the state |B (z) remains unchanged. Hence, we find that
we finally obtain
This equation is obviously a generalisation of (21) in the presence of the additional permutation symmetry.
Appendix B. Coulomb matrix elements: full point group environment
Independent parameters:
Dependent parameters:
S(v, ζ; ξ, η), S(u, ζ; η, ξ), S(u, η; ξ, ζ) .
Dependent parameters:
A(a; a, γ) = T (a; z, γ) ,
Appendix C. Spherical approximation: f -orbitals Appendix C.1. Cubic basis Independent parameters:
Dependent parameters: 
S(a, x; z, y) = − 1 9
+U (x, y) , S(a, α; β, z) = 77 48
S(a, α; γ, y) = − 77 48
S(a, y; γ, α) = 1 3
Appendix C.2. Axial basis
Appendix D. First order correction to the spherical approximation
Independent parameter variations:
Dependent parameter variations:
δS(a, x; γ, β) = 1 9
δJ(a, x), δJ(x, y), δJ(α, β) . Dependent parameter variations: 
δJ(a, z) .
Dependent parameter variations:
24 δU (a, γ)
δJ(a, z) . 
δU (x ′ , β ′ ) = δU (x ′ , α ′ ) , (D.14) δU (α ′ , γ) = δU (a, α ′ ) + 3 5 δU (x ′ , γ) + 2 5 δU (z, γ) , δJ(a, α ′ ) = − 25 372 δU (z) + 73 372 δU (α ′ ) + 175 372 δU (x ′ , y ′ ) − 1 16 √ 15 δU (a, α ′ ) − 85 186 δU (x ′ , α ′ ) + 5 186 δU (a, γ) + 5 31 δU (z, α ′ ) − 4 93 δU (x ′ , γ) + 1 16 √ 15 δU (z, γ) − 5 124 δU (α ′ , β ′ ) + 20 93 δJ(x ′ , α ′ ) + 265 279 δJ(a, x ′ ) + 25 93 δJ(a, z) , δJ(a, γ) = 1 4 δU (γ) − 1 2 δU (a, γ) , δJ(x ′ , y ′ ) = − 1 2 δU (x ′ ,
